Abstract
1 Introduction tability of a pendulum or an inverted pendulum is one of the basic problems of control engineering and several control solutions have already been proposed for it. The system comprises two inverted pendulums placed in the same plane; in fact it includes two separate inverted pendulum systems where one moves along the X-axis and the other moves along the Y-axis [1] . Indeed, whether the cart can move along both axes is a separate discussion that has been resigned in this paper.
In this paper, control methods based on fuzzy logic have been used to stabilize the double inverted pendulum system. For this purpose, first the dynamic model of the inverted pendulum is obtained and then the controller is designed. It should be noted that in this system, there are two controllers with identical operation: one along the X-axis and the other along the Y-axis (indeed they may differ in terms of numerical values).
Dynamic Model of the System together with Uncertainty
Dynamic equations of the inverted pendulum system are as follows[2]: 
(2) Which as shown in Fig. 1 : l is the length of the pendulum in meters, θ is the angle between the pendulum and the vertical axis in radians, m is the mass in kilograms and x is the movement along the axis (X or Y) in meters. Uncertainty μc satisfies 0.004 < μc < 0.006. In this system, we have two separate model (like the above model), one for the inverted pendulum along the X-axis and the other for the inverted pendulum along Y-axis.
Design of a Fuzzy-Mamdani Controller
First we define the membership functions of inputs and outputs as follows; inputs' domain is defined as Fuzzy rules whose number changed to 81 after trial and error for enhancing the controller is defined as:
If (teta is P) and (teta-dot is P) and (x is N) and (x-dot is N) then (u is VVN) (1) If (teta is P) and (teta-dot is P) and (x is N) and (x-dot is P) then (u is VN) (1) If (teta is P) and (teta-dot is P) and (x is N) and (x-dot is Z) then (u is VVN) (1) If (teta is P) and (teta-dot is P) and (x is P) and (x-dot is N) then (u is VVN) (1) If (teta is P) and (teta-dot is P) and (x is P) and (x-dot is P) then (u is VN) (1) If (teta is N) and (teta-dot is Z) and (x is P) and (x-dot is P) then (u is VP) (1) If (teta is N) and (teta-dot is Z) and (x is P) and (x-dot is Z) then (u is P) (1) If (teta is N) and (teta-dot is Z) and (x is Z) and (x-dot is N) then (u is Z) (1) If (teta is N) and (teta-dot is Z) and (x is Z) and (x-dot is P) then (u is VP) (1) If (teta is N) and (teta-dot is Z) and (x is Z) and (x-dot is Z) then (u is P) (1)
... As seen, weight of all rules is equal to one.
Simulation of Fuzzy-Mamdani Controller
As mentioned before, we have two inverted pendulums along X and Y which are labeled number one and two respectively. Considering 
simulation results are shown in Figures 5-7. As seen, system has become stable:
Design of a TSK Controller with Anfis Training Approach
To generate data here, first data is generated by Fuzzy-Mamdani controller together with the system then the data in introduced to the Anfis network as input, after training, the controller is 
Simulation
Simulation results using TSK controller (with Anfis training approach), are shown in figures 12-14: As seen, TSK controller performs well with a relatively high speed but has steady state error same as Fuzzy-Mamdani controller.
Design of a Fuzzy Controller with non-Fuzzy supervisor
As implied in section 3; Fuzzy-Mamdani controller singly is able to stabilize and control the system for angles up-to maximum degrees, it is also seen that it does not perform well in terms of speed. In order to solve this problem, we have used an supervisory controller. A nonFuzzy supervisor (linearization feedback) is designed for the Fuzzy controller such that, if the inverted pendulum's angle exceeds a limit (23 degrees); supervisor controller takes action and reduces the angle immediately. In normal conditions (angles below 23 degrees) the fuzzy controller has to control the system. Thus not only the system becomes stable for a larger initial angle but also a simpler fuzzy controller (with less rules and inputs) is used, less calculation is required and the speed becomes higher.
It should be noted that in this section just the pendulum's angle is controlled and controlling the position and speed is resigned. Therefore, a Fuzzy-Mamdani controller with two inputs is used.
Input's domain is defined as
controller is also defined as: If (teta is P) and (teta-dot is P) then (u is VN) (1) If (teta is P) and (teta-dot is N) then (u is Z) (1) If (teta is P) and (teta-dot is Z) then (u is N) (1) If (teta is N) and (teta-dot is P) then (u is Z) (1) If (teta is N) and (teta-dot is N) then (u is VP) (1) If (teta is N) and (teta-dot is Z) then (u is P) (1) If (teta is Z) and (teta-dot is P) then (u is Z) (1) If (teta is Z) and (teta-dot is N) then (u is Z) (1) If (teta is Z) and (teta-dot is Z) then (u is Z) (1) Fig.16 . Membership functions of controller output "u".
Design of the Supervisor Controller
In supervisory control, at least, two levels as high-level (supervisor) and low-level controllers are used together to control a system under different conditions [7] . As stated before, a controller with linearization feedback is used as the supervisor in the supervisory control system. Equations of the supervisor controller are as follows.
Equations of the first controller (along X) and equations of the second controller (along Y) are: It should be mentioned that in the simulation, mp is the pendulum's mass, mc is the cart's mass and mt is the total mass. In order to determine the control input applied to the system in Fuzzy supervisory control with non-fuzzy supervisor approach, conditional variable I* with above equations is used.
And

Simulation of the Supervisory Controller
Supervisor controller and fuzzy-mamdani controller are designed according to the above equations and the simulation results are shown in Figures 17 and 18 .
It can be seen that in this case, the controller is able to control and stabilize the system for its initial angle which is about 70  degrees.
Comparing the Controllers
After reviewing the simulation results, controllers are compared in terms of accuracy, speed and robustness against uncertainty. Results of this comparison are given below:
• In terms of accuracy, all of the proposed controllers including fuzzy-mamdani controller, TSK controller and supervisory controller have steady state errors.
• In terms of speed, TSK controller has the highest speed, supervisory controller's speed is relatively good, but fuzzy-mamdani controller's speed is low.
• For studying the robustness against uncertainty, pendulum's mass is changed into various percentages of the initial mass and performance of the controllers is compared; it is seen that the three controller's performance is relatively the same and weak. 
Conclusion and Suggestions
According to the comparison results in the previous section, all three controllers stabilize the system for initial conditions very well and the TSK controller (with Anfis training approach) has a higher speed. But all three controllers perform relatively poor against uncertainty.
Thus it is suggested to design other control approaches to enhance the robustness against uncertainty.
